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Abstract 

We construct Kaluza-Klein multi-black hole solutions on the Gibbons-Hawking multi-instanton 
space in the five-dimensional Einstein-Maxwell theory. We study geometric properties of the multi- 
black hole solutions. In particular, unlike the Gibbons-Hawking multi-instanton solutions, each 
nut-charge is able to take a different value due to the existence of black hole on it. The spatial cross 
section of each horizon is admitted to have the topology of a different lens space L(n; 1) =S 3 /Z n 
in addition to S 3 . 
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I. INTRODUCTION 



It is well known that the Majumdar-Papapetrou solution [1] describe an arbitrary number 
of extremely charged static black holes in four-dimensions. The construction of the solution 
is possible because of a force balance between the gravitational and Coulomb forces. These 
solutions have been extended to multi-black holes in arbitrary higher dimensions [2] , and to 
multi-black p-branes [3]. All multi-black objects are constructed on the Euclid space which 
is transverse to the objects. The metric and the gauge potential one-form are given by a 
solution of the Laplace equation in the Euclid space with point sources. 

In the context of supersymmetry, five-dimensional Einstein-Maxwell theory gathers much 
attention. It is possible to construct black hole solutions by using the four- dimensional 
Euclidean self-dual Taub-NUT space [4, 5, 6, 7] instead of the Euclid space. The black hole 
solutions on the Taub-NUT space have S 3 horizons, and have an asymptotic structure of four- 
dimensional locally flat spacetime with a twisted S 1 . Such black hole solutions associated 
with a compact dimension, so-called Kaluza-Klein black holes, are interesting because the 
solutions would connect the higher-dimensional spacetime with the usual four- dimensional 
world. 

Actually, if the Euclid space is replaced with any Ricci flat space, we can obtain solutions 
to the Einstein-Maxwell equations by use of a harmonic function on the space. Indeed, 
since the Laplace equation is linear, we can construct solutions describing multi-object by 
superposition of harmonic functions with a point source. However, it should be clarified 
whether the objects are really black holes, i.e., all singularities are hidden behind horizons. 

In this article, as the generalization of the Kalzua-Klein black hole solutions [4, 5, 6, 7] 
to multi-black hole solutions, we construct Kaluza-Klein multi-black holes on the Gibbons- 
Hawking multi-instanton space explicitly which are solutions to the five- dimensional 
Einstein-Maxwell system. Then, we study geometric properties of the multi-black hole 
solutions. 

II. CONSTRUCTION OF SOLUTIONS 
A. A single extreme black hole 

We start with the five- dimensional Einstein-Maxwell system with the action : 




(1) 



where G, R and F = dA are the five- dimensional gravitational constant, the Ricci scalar 
curvature and the Maxwell field with the gauge potential A. From this action, we write 
down the Einstein equation 



Rnv — 2^-9 'nv — 2 (^F^\F U X — -g^ v F a pF al3 ^j , 



(2) 



and the Maxwell equation 

F^. v = 0. (3) 

The extreme Kaluza-Klein black hole [4, 5, 6, 7] is an exact solution of Eqs.(2) and (3) 
constructed on the Taub-NUT space. The metric and the gauge potential one-form are 
written as 

ds 2 = —H~~ 2 dT 2 + Hds^, (4) 
A = ±^-H~ l dT. (5) 

When the Taub-NUT space is described in the form 

ds 2 TN = V' 1 (dR 2 + R 2 dn 2 s2 ) +V(d( + N cos 6d(f)) 2 , (6) 

dQ 2 s2 = d6 2 + sin 2 6d<p 2 , (7) 

V-\R) = 1 + ^, (8) 

with 

0<#<tt, O<0<2tt, 0<C< 2vrL, (9) 
the function H is given by 

H(R) = l + ¥-, (10) 

where L, M and N are positive constants. Regularity of the spacetime requires that the nut 
charge, N, and the asymptotic radius of S 1 along (, L, are related by 

N=^n, (11) 

where n is an natural number. 

We can see that a degenerated horizon exists at R — 0, where the nut singularity of the 
Taub-NUT space were located. Although the Taub-NUT space is regular only when n = 1 
on the conditions (9), the nut singularity with n > 2 is resolved by the event horizon in the 
black hole solution [5]. 



In the case of n — 1, the horizon has the shape of round S 3 in a static time-slice in contrast 
to the non-degenerated case, where the horizon is squashed [7]. The spacetime is asymp- 
totically locally flat, i.e., a constant S 1 fiber bundle over the four-dimensional Minkowski 
spacetime at R — > oo. Therefore, the spacetime behaves as a five-dimensional black hole 
near horizon, while the dimensional reduction to four-dimension is realized in a far region. 
In the case of n > 2, the horizon is in shape of lens space L(n; 1) = S 3 /Z n [5]. The mass 
which is defined by the Komar integral at spatial infinity and the electric charge satisfy the 
extremality condition 

M Kom&r = ^LM = y^\Q\. (12) 

The black hole solution (4) with n = 1 contains two popular spacetimes as limits: the five- 
dimensional extreme Reissner-Nordstrom black hole as L — > oo and M — > with LM finite, 
and the Gross- Perry-Sorkin monopole [8] as M — > 0. 



B. Multi-black holes 



When we generalize the single black hole solution (4) to the multi-black holes, it is natural 
to generalize the Taub-NUT space to the Gibbons- Hawking space [9] which has multi-nut 
singularities. The metric form of the Gibbons-Hawking space is 

ds 2 GH = V~ x (dx ■ dx) + V (d( + uj) 2 , (13) 

where Xi = [x^y^Zi] denotes position of the i-th nut singularity with nut charge iVj in the 
three-dimensional Euclid space, and u> satisfies 

Vxw = V^. (15) 



We can write down a solution u> explicitly as 

u, = YN i [ z - Zi \ (z-^dy-iy-y^. (16) 

^ \x-Xi\ (x - Xi) 1 + (y - yi) 1 



If we assume the metric form with the Gibbons-Hawking space instead of the Taub-NUT 
space in (4), the Einstein equation (2) and the Maxwell equation (3) reduce to 



A GH # = 0, 



(17) 



where A G h is the Laplacian of the Gibbons- Hawking space. In general, it is difficult to solve 
this equation, but if one assume to be a Killing vector, as it is for the Gibbons-Hawking 
space, then Eq.(17) reduces to the Laplace equation in the three-dimensional Euclid space, 



A E H = 0. 



(18) 



We take a solution with point sources to Eq. (18) as a generalization of Eq. (10), and 
we have the final form of the metric 



where Mj are constants. 1 

III. PROPERTIES 
A. Regularity 

In Eqs.(19) with (20), a point source labeled by cc, with Mj > and Aj > is a black hole 
since the point becomes the Killing horizon and the cross section of it with a static time-slice 
has a finite area, as is seen below. A point source of Mj > and Aj = 0, however, becomes 
a naked singularity. This is the reason why we need to generalize the Taub-NUT space 
to the Gibbons-Hawking space. 2 For a point with Mj < or A, < 0, a naked singularity 
also appears. Therefore, in the case of Mj > and Aj > for all i, the metric describes 
multi-black holes, on which we focus our attention. 

On the other hand, a point source with Mj = and Aj > corresponds to a Gross-Perry- 
Sorkin-type monopole with a nut charge Aj. In the case of Mj = and Aj > for all i, the 
metric becomes the Gross- Perry-Sorkin mult i- monopole solution [8]. This multi-monopole 
solution is regular when all of the nut charges Aj have to take the same value L/2 [9], 
since the nut charges with different values from it yield the cone-singularities. However, the 
existence of black holes drastically changes this situation because the nut singularity with 
Aj = L/2 x riiirii : natural number) converts into the black hole whose topology is a lens 

1 For the special case H = l/V , the metric (19) reduces to the four dimensional Majumdar-Papapetrou 
multi-black holes with twisted constant S 1 , which is seen in ref. [4]. In this special case, Mi are also 
quantized as well as nut charges. 

2 Multi-black hole solutions in Taub-NUT space are constructed [5] by using black ring in the space. 



ds 2 = -H~ 2 dT 2 + Hdsl 



(19) 
(20) 




space L(rii] 1) = S 3 /Z n ., as mentioned below. Therefore, all iVj can take different values 
associated with the different rij. 

Now, we investigate the regularity on the black hole horizon. For simplicity, we restrict 
ourselves to the solution with two black holes. In order to examine that the geometry near 
the horizon x — x±, we make the coordinate transformation such that the point source X\ 
is the origin of the three-dimensional Euclid space and x 2 = (0,0, —a). In this case, from 
Eqs.(19) and (20) the metric can take the following simple form, 



ds 2 = -H(R,9)- 2 dT 2 
+H(R,0) 



V(R, 9)-\dR 2 + R 2 dn 2 s2 ) + V(R, 9)1 d( + w^R, 9)d<p 



(21) 



with 



H(R, 0) = l + ^ + M2 (22) 

V ; R VR 2 + a 2 + 2aRcos9 V ; 

iVi No 

V(R, 9)- 1 = 1 + -± + 2 , (23) 

K J R VR 2 + a 2 + 2aRcos9 V ; 

/x, m »r /! -/V 2 (a + Rcos9) , n4 . 

<*M e ) = ^ cos * + 7^f= U9B W ( 24 ) 

V -R + a + 2ait cos 

where the parameter a denotes the separation between two point sources X\ and x 2 in the 
three-dimensional Euclid space. 

If we take the limit R = \x — Xi\ — > 0, we can see the leading behavior of the metric as 



follows, 



D / \ 2 AT 

— ld( + Ni cos0#J + (dR 2 + R 2 dn 2 s2 ) 



(25) 



We should note that the other black holes does not contribute to this behavior of the metric 
in the leading order. Therefore, the form of each black hole is equivalent with the single 
extremal black hole (4) in the vicinity of the horizon. 3 The Kretschmann invariant near the 
horizon R = can be computed as, 

W^ v = iSM + (f)' (26) 

which suggests the horizon R = is regular. In fact, under the coordinate transformation, 

u = T-F(R), (27) 
iF(R)_( 1+ M, + M 1 V^ 1 + ^ + N 1 V^ (28) 



dR \ R a J \ R a 



3 Smoothness of horizon in the higher-dimensional multi-black holes would be lost [3, 10]. 



the metric near the horizon R = has the following regular form 



V M 1 



dudR +M 1 N 1 -f + cos 0d<f) + dQ 2 s 




(29) 



Of course, from the similar discussion, the regularity of the other black hole horizon x = x 2 
is also assured. Outside the black holes, there is evidently no place with a singular point 
from the explicit form of the metric. Even if we consider the situations with more than two 
black holes, these properties do not change in such spacetimes. 

B. Geometry near horizons 

The induced metric on an intersection of the i-th black hole horizon with a static time-slice 

is 



where < ip = 2(/L < 4tt. In the case of n« = 1, it is apparent that the i-th black hole is 
a round S 3 , however, in the case of rii > 2, the topological structure becomes a lens space 



In an asymptotically flat stationary five- dimensional black hole spacetime, the only pos- 
sible geometric type of spatial cross section of horizon is restricted to S 3 or S* 1 x S 2 [11, 12], 
which is the extension of Hawking's theorem on event horizon topology [13] to five dimen- 
sions. However, each Kaluza-Klein black hole horizon can have a topological structure of 
lens spaces S 3 /Z„. besides S 3 . This fact does not contradict with the theorem in Ref. [11, 12] 
where the boundary is assumed to be asymptotically flat since the Kaluza-Klein black holes 
are not asymptotically flat. 

C. Asymptotic structure 

Finally, we study the asymptotic behavior of the Kaluza-Klein multi-black hole in the 
neighborhood of the spatial infinity R — > oo. The functions H, V~ l and uj behave as 




(30) 



L{n t - 1) = S 3 /Z, 




(31) 



(33) 



(32) 



We can see that the spatial infinity possesses the structure of S 1 bundle over S 2 such that 
it is a lens space L{^2 i n i ] 1). For an example, in the case of two Kaluza-Klein black holes 
which have the same topological structure of S 3 , the asymptotic structure is topologically 
homeomorphic to the lens space L(2; 1) = S 3 /Z 2 . From this behavior of the metric near the 
spatial infinity we can compute the Komar mass at spatial infinity of this multi-black hole 
system as 

M K omar = ^ M t . (34) 

i 

Since the total electric charge is given by 

Qtotal = J2^ = E M " ( 35 ) 

i i 

then the total Komar mass and the total electric charge satisfy 

M Komar = | Qtotai | • (36) 

Therefore, from Eq.(12) we find that an observer located in the neighborhood of the spatial 
infinity feels as if there were a single Kaluza-Klein black hole with the point source with the 
parameter M = ^ i M i and the nut charge N = £V JVj. 



IV. SUMMARY AND DISCUSSION 



In conclusion, we constructed the Kaluza-Klein multi-black hole solutions on the nuts of 
the Gibbons-Hawking space as solutions in the five-dimensional Einstein-Maxwell theory. 
We also investigated the properties of these solutions, in particular, the regularity, the 
geometry near horizon and the asymptotic structure. In the solution Eqs.(19) and (20) a 
point source labeled by Xi with M, > and Ni > is a black hole. One of the most 
interesting properties is that the possible spatial topology of the horizon of each black hole 
is the lens space S 3 /Z n ., where the natural number is related with the value iVj of each 
nut charge by ^ = L/2 x rij. The spatial infinity has the structure of S 1 bundle over S 2 
such that it is a lens space L(J2i n ii !)■ 

This fact suggests that two black holes with S 3 horizons constructed in this article coalesce 
into a black hole with a L(2; 1) = S ,3 /Z 2 horizon. By the coalescences, black holes may 
change into a black hole with a different lens space L(n; 1). It is also expected that the area 
of a single black hole formed by such process would be different from that in a topology- 
preserving process. Observing such difference might lead to the verification of the existence 



of extra dimensions. Therefore, from this view point, the coalescence of black holes with the 
topologies of various lens spaces may be interesting physical phenomenon. 
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